
Counting Balan
ed Tree ShapesJe�rey A. Barnett�
Abstra
tThe number of trees tightly balan
ed by subtree size are 
ounted. The bran
hingfa
tor is 
onstant and the balan
e 
riterion is that sizes of sibling subtrees di�er by nomore than one node. The sequen
e of the number of trees, with the bran
hing fa
tor�xed, for in
reasing tree size has a fra
tal-like graph. The reason for this appearan
eis explained.Keywords: Balan
ed trees, tree shapes, 
ombinatorial problems, data stru
tures.1 PreliminariesTree stru
tures are used to organize data for eÆ
ient retrieval. Some restri
tions on possibleshapes are usually imposed to guarantee that eÆ
ien
y. One typi
al restri
tion is thatsibling subtrees must have approximately the same height. Another is that sibling subtreesmust have approximately the same size measured in nodes. Both restri
tions, supplementedby suitable node labeling s
hemes, enable eÆ
ient insertion and retrieval algorithms. Su
htrees are said to be balan
ed. AVL trees [5℄, B-trees [1℄, and Red-Bla
k trees [2℄ are somewell-known examples of balan
ed trees. Knuth [3℄ provides algorithms and analyses for
onstru
ting, sear
hing, and maintaining balan
ed trees of various sorts.This arti
le develops formulas that 
ount the number of shapes of trees tightly balan
edby subtree size. These trees will have a 
onstant bran
hing fa
tor or width, w. So a (sub)tree is either \nothing" or a root node with w subtrees. A node is balan
ed if the di�eren
e�The author's email is jbb�notatt.
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in size of ea
h pair of its subtrees is at most one node. A tree is balan
ed if all of its nodesare balan
ed. These tree are also height-balan
ed in the sense that all pairs of root-to-leafpaths di�er in length by one at most.Here is the de�nition of ` :=' the same shape predi
ate: 1) � := �, where � is the tree withno nodes; 2) if ui := vi, where 1 � i � w, u is a node with the ordered list of subtrees ui,and v is a node with the ordered list of subtrees vi, then u := v. In other words, two shapesare the same if they look the same when drawn on paper. If u := v, then u and v ne
essarilyhave the same number of nodes.2 Re
urren
e FormulaLet sw(z), where z � 0 and w � 1, be the number of shapes of balan
ed trees with bran
hingfa
tor w and z nodes. It is easy to see that s1(z) = 1 for all z � 0. Hen
eforth, assumew > 1.Re
urren
e formulas used to 
al
ulate sw are developed here. These formulas relatevarious values of sw(z) to sw0(z0) where w = w0. In other words, there is a set of formulasfor ea
h w > 1. Clearly sw(0) = 1 be
ause the empty tree shape is unique and sw(1) = 1be
ause the only shape with one node is a root with w empty (�) 
hildren.The re
urren
e relation for larger tree sizes issw(nw + 1 +m) = �wm�sw(n + 1)msw(n)w�m; where 0 � m � w and n � 0: (1)If a tree has nw+1+m nodes, one node must be the root, m 
hildren of the root must haven+1 nodes, and the remaining w�m 
hildren must have n nodes; the tree 
an be balan
edin no other way. Now observe that 1) the m of w subtrees with n + 1 nodes 
an be 
hosenin �wm� ways and 2) the 
hoi
e of the shape of ea
h subtree is independent of the others. Soformula (1) follows. The 
ase where n = 0 is of spe
ial interest:sw(1 +m) = �wm� where 0 � m � w. (2)Sequen
es generated by s2; : : : ; s7 are registered on the Bell Labs Sequen
e Server [4℄.2



3 Divisibility PropertiesThe re
urren
e relation (1) 
learly entails that sw(z) must have the form Qwi=0 �wi �xi fornonnegative integers xi that depend on z. Sin
e �2i� is 1 or 2 when 0 � i � 2, s2(z) must bean integer power of 2. Similarly, �3i� is 1 or 3 when 0 � i � 3 so s3(z) must be an integerpower of 3. However, when w > 3, there are z su
h that sw(z) is not an integer power of w.For example, �w2� = w(w � 1)=2 is not a power of w when w > 3.It is also straightforward to see from (1) that the sum of the sw(z) for z = nw + 1 +m,where 0 � m � w, is some integer raised to wth power. To wit:wXm=0 sw(nw + 1 +m) = wXm=0�wm�sw(n+ 1)msw(n)w�m= �sw(n + 1) + sw(n)�w:4 Return to UnityDe�ne �nw as the n + 1 digit base-w number 1 : : : 1, i.e.,�nw = nXi=0 wi;and note that �n+1w = w ��nw+1. Also note that sw(�0w) = sw(1) = 1. Now assume sw(�nw) = 1for all 0 � n � x. So using (1)sw(�x+1w ) = sw(w�xw + 1)= �w0�sw(�xw + 1)0sw(�xw)w= 1and this proves, by indu
tion, thatTheorem 1. sw(�nw) = 1 for all n � 0.The unique tree shape with �nw nodes is the one where every root-to-leaf path is lengthn, i.e., the tree is perfe
tly balan
ed and the w 
hildren of ea
h leaf|there are wn+1 intotal|are all �. As nodes are added, some of the � are repla
ed with new leaves. When3



wn+1 nodes have been added, the tree is again perfe
tly balan
ed with �n+1w nodes and allroot-to-leaf paths are now length n + 1.Theorem 2. The sequen
e sw(�nw); sw(�nw + 1); : : : ; sw(�n+1w ) is symmetri
 in the sense thatsw(�nw + z) = sw(�n+1w � z) for all n � 0 and 0 � z � wn+1.Proof. If z = 0 or z = wn+1 the 
laim follows from Theorem 1. When 0 < z < wn+1, letz =Pni=1 ziwi, where 0 � zi < w, then the 
laim is equivalent to the algebrai
 fa
tsw��nw + nXi=0 ziwi� = sw��nw + 1 + nXi=0 (w � 1� zi)wi�:This proof is not, however, algebrai
. The 
laim is established by showing a 1-to-1 
or-responden
e between the tree shapes with �nw + z nodes and those with �n+1w � z nodes.Sele
t a tree with �nw + z nodes and visit ea
h of its wn nodes at a distan
e of n from theroot. Ea
h su
h node has w 
hildren; in total z are leaf nodes and w � z are �. If a 
hildis �, repla
e it with a new leaf; if it is a leaf, repla
e it with �. The modi�ed tree has�nw + wn+1 � z = �n+1w � z nodes. Any subtrees balan
ed before the transformation arebalan
ed after and the transformation is 
learly the sought-after 1-to-1 
orresponden
e.Some impli
ations of the fa
t that the sequen
e generated by sw returns to unity and thesymmetry demonstrated by Theorem 2 are dis
ussed in Se
tion 6.5 Exa
t Count FormulaAn exa
t non-re
urren
e formula to evaluate sw(z) is developed below. Let n = Lw(z), wherez > 0 and Lw(z) = blogw(wz � z + 1)
 � 1. Note that �nw � z < �n+1w and Lw(z) is theminimum root-to-leaf path length in a balan
ed z-node tree. Represent z uniquely asz = �nw + z0; where z0 = nXi=0 ziwi and 0 � zi < w:So z0 = zn : : : z0 is the base w representation of z � �nw. Theorem 3 proves thatsw(z) = �wz0� nYi=1 � wzi + 1�mod(z0;wi)�wzi�wi�mod(z0;wi); (3)where mod(z0; wi) =Pi�1j=0 zjwj. 4



Theorem 3. Formula (3), where z > 0, n = Lw(z), z0 = z� �nw, and zi = mod(bz0=wi
; w),properly evaluates sw(z).Proof. This proof is by indu
tion on n. For the base step let z = �0w + z0 = 1 + z0, where0 � z0 � w, so sw(z) = �wz0� by (2) whi
h agrees with (3) for n = 0. Now assume the 
laimis true for all z < �n+1w for some n � 0. Sele
t any �n+1w � z < �n+2w and let z0 = z � �n+1w soz0 =Pn+1i=0 ziwi where 0 � zi < w, then use (1) to expand sw(z).sw(z) = �wz0�sw��nw + nXi=0 zi+1wi + 1�z0 � sw��nw + nXi=0 zi+1wi�w�z0 (4)Next, the sw terms on the right-hand side of the above are expanded then 
ombined andsimpli�ed. The �rst sw term might not straightforwardly satisfy the indu
tive assumptionsin
e z1 + 1 = w is possible. However, expansion 
an easily be a

omplished via Theorem 2followed by use of the indu
tive assumption. Let z00 =Pni=0(w � 1� zi+1)wi, thensw��nw + nXi=0 zi+1wi + 1� = sw(�nw + z00) by Theorem 2= � ww � 1� z1� nYi=1 � ww � zi+1�mod(z00;wi) nYi=1 � ww � 1� zi+1�wi�mod(z00;wi)= � wz1 + 1� nYi=1 � wzi+1�wi�mod(bz0=w
;wi)�1 nYi=1 � wzi+1 + 1�mod(bz0=w
;wi)+1 (5)The expansion of the se
ond sw term of (4), using the indu
tive assumption issw��nw + nXi=0 zi+1wi� = �wz1� nYi=1 � wzi+1 + 1�mod(bz0=w
;wi) nYi=1 � wzi+1�wi�mod(bz0=w
;wi) (6)Now substitute (5) and (6) in (4) and simplify to show agreement with (3).sw(z) = �wz0�"� wz1 + 1� nYi=1 � wzi+1 + 1�mod(bz0=w
;wi)+1 nYi=1 � wzi+1�wi�mod(bz0=w
;wi)�1#z0� "�wz1� nYi=1 � wzi+1 + 1�mod(bz0=w
;wi) nYi=1 � wzi+1�wi�mod(bz0=w
;wi)#w�z0= �wz0� n+1Yi=1 � wzi + 1�mod(z0;wi)�wzi�wi�mod(z0;wi)
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6 Dis
ussionTable 1 provides initial values of the sequen
es sw(z), where z = 1; 2; : : :, for some small wand Figures 1{6 plot log(sw(z)); logarithms are used to enhan
e the observable detail. Ea
hgraph has a repetitive, somewhat fra
tal-like appearan
e and it is straightforward to see why.Consider the sequen
e sw(z), where z = �n+1w ; : : : ; �n+2w � 1, i.e., the sequen
e sw(�n+1w + z0),where z0 = 0; : : : ; wn+2 � 1. So z0 
an be written uniquely as Pn+1i=0 ziwi, where 0 � zi < w.Now let h = h(z) = zn+1 and ` = `(z) = mod(z0; wn+1) and substitute in (3).sw(z) = �wz0� n+1Yi=1 � wzi + 1�mod(z0;wi)�wzi�wi�mod(z0;wi)= �wz0� nYi=1 � wzi + 1�mod(z0;wi)�wzi�wi�mod(z0;wi)� � wh+ 1�mod(z0;wn+1)�wh�wn+1�mod(z0;wn+1)= sw(�nw + `)� wh + 1�`�wh�wn+1�`= �w � hh+ 1 �`�wh�wn+1sw(�nw + `): (7)This sequen
e 
an be divided into w sequen
es, ea
h asso
iated with a di�erent h value.Ea
h short sequen
e has the form sw(�n+1w +hwn+1+`), where 0 � ` < wn+1�1; This 
an bewritten as sw(z) = 
1̀
2sw(�nw+`), where 
1 and 
2 are 
onstants for a given h value a

ordingto (7). Whether the shape of sw(�nw + `) is stret
hed upwards for in
reasing values of `, justmagni�ed by 
2, or stret
hed downwards depends on whether 
1 is greater, equal to, or lessthan 1, i.e., on whether w�12 is greater, equal to, or less than h. Ea
h of the w pie
es of thisgraph segment is again, a re
apitulation of w magni�ed and possibly stret
hed instan
es ofsw(�n�1w +mod(`; wn�1)). De
omposition 
an be 
ontinued until the basi
 building blo
ks ofthe graph are en
ountered: the sequen
e sw(�0w); : : : ; sw(�1w � 1) = �w0�; : : : ; � ww�1�.
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Table 1: Some values of sw(z) for small w and z.s2(�02); : : : ; s2(�42)1, 2, 1, 4, 4, 4, 1, 8, 16, 32, 16, 32, 16, 8, 1, 16, 64, 256, 256, 1024, 1024, 1024, 256, 1024,1024, 1024, 256, 256, 64, 16, 1 s2(�42); : : : ; s2(�52)1, 32, 256, 2048, 4096, 32768, 65536, 131072, 65536, 524288, 1048576, 2097152, 1048576,2097152, 1048576, 524288, 65536, 524288, 1048576, 2097152, 1048576, 2097152, 1048576,524288, 65536, 131072, 65536, 32768, 4096, 2048, 256, 32, 1s3(�03); : : : ; s3(�33)1, 3, 3, 1, 9, 27, 27, 81, 81, 27, 27, 9, 1, 27, 243, 729, 561, 19683, 19683, 59049, 59049,19683, 177147, 531441, 531441, 1594323, 1594323, 531441, 531441, 177147, 19683, 59049,59049, 19683, 19683, 6561, 729, 243, 27, 1s4(�04); : : : ; s4(�24)1, 4, 6, 4, 1, 16, 96, 256, 256, 1536, 3456, 3456, 1296, 3456, 3456, 1536, 256, 256, 96, 16, 1s5(�05); : : : ; s5(�25)1, 5, 10, 10, 5, 1, 25, 250, 1250, 3125, 3125, 31250, 125000, 250000, 250000, 100000,500000, 1000000, 1000000, 500000, 100000, 250000, 250000, 125000, 31250, 3125, 3125,1250, 250, 25, 1 s6(�06); : : : ; s6(�26)1, 6, 15, 20, 15, 6, 1, 36, 540, 4320, 19440, 46656, 46656, 699840, 4374000, 14580000,27337500, 27337500, 11390625, 91125000, 303750000, 540000000, 540000000, 288000000,64000000, 288000000, 540000000, 540000000, 303750000, 91125000, 11390625, 27337500,27337500, 14580000, 4374000, 699840, 46656, 46656, 19440, 4320, 540, 36, 1
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�02 �72
Figure 1: Initial graph of log(s2(z))�03 �53
Figure 2: Initial graph of log(s3(z))�04 �44
Figure 3: Initial graph of log(s4(z))�05 �35
Figure 4: Initial graph of log(s5(z))�06 �36
Figure 5: Initial graph of log(s6(z))�07 �37
Figure 6: Initial graph of log(s7(z))9


