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Abstract

The n um b er of trees tigh tly balanced b y subtree size are coun ted. The branc hing

factor is constan t and the balance criterion is that sizes of sibling subtrees di�er b y no

more than one no de. The sequence of the n um b er of trees, with the branc hing factor

�xed, for increasing tree size has a fractal-lik e graph. The reason for this app earance

is explained.

Keyw ords: Balanced trees, tree shap es, com binatorial problems, data structures.

1 Preliminaries

T ree structures are used to organize data for e�cien t retriev al. Some restrictions on p ossible

shap es are usually imp osed to guaran tee that e�ciency . One t ypical restriction is that

sibling subtrees m ust ha v e appro ximately the same heigh t. Another is that sibling subtrees

m ust ha v e appro ximately the same size measured in no des. Both restrictions, supplemen ted

b y suitable no de lab eling sc hemes, enable e�cien t insertion and retriev al algorithms. Suc h

trees are said to b e b alanc e d . A VL trees [5], B-trees [1 ], and Red-Blac k trees [2] are some

w ell-kno wn examples of balanced trees. Kn uth [3] pro vides algorithms and analyses for

constructing, searc hing, and main taining balanced trees of v arious sorts.

This article dev elops form ulas that coun t the n um b er of shap es of trees tigh tly balanced

b y subtree size. These trees will ha v e a constan t branc hing factor or width, w . So a (sub)

tree is either \nothing" or a ro ot no de with w subtrees. A no de is balanced if the di�erence

�
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in size of eac h pair of its subtrees is at most one no de. A tree is balanced if all of its no des

are balanced. These tree are also heigh t-balanced in the sense that all pairs of ro ot-to-leaf

paths di�er in length b y one at most.

Here is the de�nition of `

:

=' the same shap e predicate: 1) �

:

= � , where � is the tree with

no no des; 2) if u

i

:

= v

i

, where 1 � i � w , u is a no de with the ordered list of subtrees u

i

,

and v is a no de with the ordered list of subtrees v

i

, then u

:

= v . In other w ords, t w o shap es

are the same if they lo ok the same when dra wn on pap er. If u

:

= v , then u and v necessarily

ha v e the same n um b er of no des.

2 Recurrence F orm ula

Let s

w

( z ), where z � 0 and w � 1, b e the n um b er of shap es of balanced trees with branc hing

factor w and z no des. It is easy to see that s

1

( z ) = 1 for all z � 0. Henceforth, assume

w > 1.

Recurrence form ulas used to calculate s

w

are dev elop ed here. These form ulas relate

v arious v alues of s

w

( z ) to s

w

0

( z

0

) where w = w

0

. In other w ords, there is a set of form ulas

for eac h w > 1. Clearly s

w

(0) = 1 b ecause the empt y tree shap e is unique and s

w

(1) = 1

b ecause the only shap e with one no de is a ro ot with w empt y ( � ) c hildren.

The recurrence relation for larger tree sizes is

s

w

( nw + 1 + m ) =

�

w

m

�

s

w

( n + 1)

m

s

w

( n )

w � m

; where 0 � m � w and n � 0 : (1)

If a tree has nw + 1 + m no des, one no de m ust b e the ro ot, m c hildren of the ro ot m ust ha v e

n + 1 no des, and the remaining w � m c hildren m ust ha v e n no des; the tree can b e balanced

in no other w a y . No w observ e that 1) the m of w subtrees with n + 1 no des can b e c hosen

in

�

w

m

�

w a ys and 2) the c hoice of the shap e of eac h subtree is indep enden t of the others. So

form ula (1) follo ws. The case where n = 0 is of sp ecial in terest:

s

w

(1 + m ) =

�

w

m

�

where 0 � m � w . (2)

Sequences generated b y s

2

; : : : ; s

7

are registered on the Bell Labs Sequence Serv er [4].
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3 Divisibilit y Prop erties

The recurrence relation (1) clearly en tails that s

w

( z ) m ust ha v e the form

Q

w

i =0

�

w

i

�

x

i

for

nonnegativ e in tegers x

i

that dep end on z . Since

�

2

i

�

is 1 or 2 when 0 � i � 2, s

2

( z ) m ust b e

an in teger p o w er of 2. Similarly ,

�

3

i

�

is 1 or 3 when 0 � i � 3 so s

3

( z ) m ust b e an in teger

p o w er of 3. Ho w ev er, when w > 3, there are z suc h that s

w

( z ) is not an in teger p o w er of w .

F or example,

�

w

2

�

= w ( w � 1) = 2 is not a p o w er of w when w > 3.

It is also straigh tforw ard to see from (1) that the sum of the s

w

( z ) for z = nw + 1 + m ,

where 0 � m � w , is some in teger raised to w

th

p o w er. T o wit:

w

X

m =0

s

w

( nw + 1 + m ) =

w

X

m =0

�

w

m

�

s

w

( n + 1)

m

s

w

( n )

w � m

=

�

s

w

( n + 1) + s

w

( n )

�

w

:

4 Return to Unit y

De�ne �

n

w

as the n + 1 digit base- w n um b er 1 : : : 1, i.e.,

�

n

w

=

n

X

i =0

w

i

;

and note that �

n +1

w

= w � �

n

w

+ 1. Also note that s

w

( �

0

w

) = s

w

(1) = 1. No w assume s

w

( �

n

w

) = 1

for all 0 � n � x . So using (1)

s

w

( �

x +1

w

) = s

w

( w �

x

w

+ 1)

=

�

w

0

�

s

w

( �

x

w

+ 1)

0

s

w

( �

x

w

)

w

= 1

and this pro v es, b y induction, that

Theorem 1. s

w

( �

n

w

) = 1 for al l n � 0 .

The unique tree shap e with �

n

w

no des is the one where ev ery ro ot-to-leaf path is length

n , i.e., the tree is p erfectly balanced and the w c hildren of eac h leaf|there are w

n +1

in

total|are all � . As no des are added, some of the � are replaced with new lea v es. When
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w

n +1

no des ha v e b een added, the tree is again p erfectly balanced with �

n +1

w

no des and all

ro ot-to-leaf paths are no w length n + 1.

Theorem 2. The se quenc e s

w

( �

n

w

) ; s

w

( �

n

w

+ 1) ; : : : ; s

w

( �

n +1

w

) is symmetric in the sense that

s

w

( �

n

w

+ z ) = s

w

( �

n +1

w

� z ) for al l n � 0 and 0 � z � w

n +1

.

Pr o of. If z = 0 or z = w

n +1

the claim follo ws from Theorem 1. When 0 < z < w

n +1

, let

z =

P

n

i =1

z

i

w

i

, where 0 � z

i

< w , then the claim is equiv alen t to the algebraic fact

s

w

�

�

n

w

+

n

X

i =0

z

i

w

i

�

= s

w

�

�

n

w

+ 1 +

n

X

i =0

( w � 1 � z

i

) w

i

�

:

This pro of is not, ho w ev er, algebraic. The claim is established b y sho wing a 1-to-1 cor-

resp ondence b et w een the tree shap es with �

n

w

+ z no des and those with �

n +1

w

� z no des.

Select a tree with �

n

w

+ z no des and visit eac h of its w

n

no des at a distance of n from the

ro ot. Eac h suc h no de has w c hildren; in total z are leaf no des and w � z are � . If a c hild

is � , replace it with a new leaf; if it is a leaf, replace it with � . The mo di�ed tree has

�

n

w

+ w

n +1

� z = �

n +1

w

� z no des. An y subtrees balanced b efore the transformation are

balanced after and the transformation is clearly the sough t-after 1-to-1 corresp ondence.

Some implications of the fact that the sequence generated b y s

w

returns to unit y and the

symmetry demonstrated b y Theorem 2 are discussed in Section 6.

5 Exact Coun t F orm ula

An exact non-recurrence form ula to ev aluate s

w

( z ) is dev elop ed b elo w. Let n = L

w

( z ), where

z > 0 and L

w

( z ) = b log

w

( w z � z + 1) c � 1. Note that �

n

w

� z < �

n +1

w

and L

w

( z ) is the

minim um ro ot-to-leaf path length in a balanced z -no de tree. Represen t z uniquely as

z = �

n

w

+ z

0

; where z

0

=

n

X

i =0

z

i

w

i

and 0 � z

i

< w :

So z

0

= z

n

: : : z

0

is the base w represen tation of z � �

n

w

. Theorem 3 pro v es that

s

w

( z ) =

�

w

z

0

�

n

Y

i =1

�

w

z

i

+ 1

�

mo d ( z

0

;w

i

)

�

w

z

i

�

w

i

� mo d ( z

0

;w

i

)

; (3)

where mo d ( z

0

; w

i

) =

P

i � 1

j =0

z

j

w

j

.
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Theorem 3. F ormula (3) , wher e z > 0 , n = L

w

( z ) , z

0

= z � �

n

w

, and z

i

= mo d ( b z

0

=w

i

c ; w ) ,

pr op erly evaluates s

w

( z ) .

Pr o of. This pro of is b y induction on n . F or the base step let z = �

0

w

+ z

0

= 1 + z

0

, where

0 � z

0

� w , so s

w

( z ) =

�

w

z

0

�

b y (2) whic h agrees with (3) for n = 0. No w assume the claim

is true for all z < �

n +1

w

for some n � 0. Select an y �

n +1

w

� z < �

n +2

w

and let z

0

= z � �

n +1

w

so

z

0

=

P

n +1

i =0

z

i

w

i

where 0 � z

i

< w , then use (1) to expand s

w

( z ).

s

w

( z ) =

�

w

z

0

�

s

w

�

�

n

w

+

n

X

i =0

z

i +1

w

i

+ 1

�

z

0

� s

w

�

�

n

w

+

n

X

i =0

z

i +1

w

i

�

w � z

0

(4)

Next, the s

w

terms on the righ t-hand side of the ab o v e are expanded then com bined and

simpli�ed. The �rst s

w

term migh t not straigh tforw ardly satisfy the inductiv e assumption

since z

1

+ 1 = w is p ossible. Ho w ev er, expansion can easily b e accomplished via Theorem 2

follo w ed b y use of the inductiv e assumption. Let z

00

=

P

n

i =0

( w � 1 � z

i +1

) w

i

, then

s

w

�

�

n

w

+

n

X

i =0

z

i +1

w

i

+ 1

�

= s

w

( �

n

w

+ z

00

) b y Theorem 2

=

�

w

w � 1 � z

1

�

n

Y

i =1

�

w

w � z

i +1

�

mo d ( z

00

;w

i

)

n

Y

i =1

�

w

w � 1 � z

i +1

�

w

i

� mo d ( z

00

;w

i

)

=

�

w

z

1

+ 1

�

n

Y

i =1

�

w

z

i +1

�

w

i

� mo d ( b z

0

=w c ;w

i

) � 1

n

Y

i =1

�

w

z

i +1

+ 1

�

mo d ( b z

0

=w c ;w

i

)+1

(5)

The expansion of the second s

w

term of (4) , using the inductiv e assumption is

s

w

�

�

n

w

+

n

X

i =0

z

i +1

w

i

�

=

�

w

z

1

�

n

Y

i =1

�

w

z

i +1

+ 1

�

mo d ( b z

0

=w c ;w

i

)

n

Y

i =1

�

w

z

i +1

�

w

i

� mo d( b z

0

=w c ;w

i

)

(6)

No w substitute (5) and (6) in (4) and simplify to sho w agreemen t with (3).

s

w

( z ) =

�

w

z

0

�

"

�

w

z

1

+ 1

�

n

Y

i =1

�

w

z

i +1

+ 1

�

mo d ( b z

0

=w c ;w

i

)+1

n

Y

i =1

�

w

z

i +1

�

w

i

� mo d ( b z

0

=w c ;w

i

) � 1

#

z

0

�

"

�

w

z

1

�

n

Y

i =1

�

w

z

i +1

+ 1

�

mo d ( b z

0

=w c ;w

i

)

n

Y

i =1

�

w

z

i +1

�

w

i

� mo d ( b z

0

=w c ;w

i

)

#

w � z

0

=

�

w

z

0

�

n +1

Y

i =1

�

w

z

i

+ 1

�

mo d ( z

0

;w

i

)

�

w

z

i

�

w

i

� mo d ( z

0

;w

i

)
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6 Discussion

T able 1 pro vides initial v alues of the sequences s

w

( z ), where z = 1 ; 2 ; : : : , for some small w

and Figures 1{6 plot log( s

w

( z )); logarithms are used to enhance the observ able detail. Eac h

graph has a rep etitiv e, somewhat fractal-lik e app earance and it is straigh tforw ard to see wh y .

Consider the sequence s

w

( z ), where z = �

n +1

w

; : : : ; �

n +2

w

� 1, i.e., the sequence s

w

( �

n +1

w

+ z

0

),

where z

0

= 0 ; : : : ; w

n +2

� 1. So z

0

can b e written uniquely as

P

n +1

i =0

z

i

w

i

, where 0 � z

i

< w .

No w let h = h ( z ) = z

n +1

and ` = ` ( z ) = mo d ( z

0

; w

n +1

) and substitute in (3).

s

w

( z ) =

�

w

z

0

�

n +1

Y

i =1

�

w

z

i

+ 1

�

mo d( z

0

;w

i

)

�

w

z

i

�

w

i

� mo d ( z

0

;w

i

)

=

�

w

z

0

�

n

Y

i =1

�

w

z

i

+ 1

�

mo d ( z

0

;w

i

)

�

w

z

i

�

w

i

� mo d ( z

0

;w

i

)

�

�

w

h + 1

�

mo d ( z

0

;w

n +1

)

�

w

h

�

w

n +1

� mo d ( z

0

;w

n +1

)

= s

w

( �

n

w

+ ` )

�

w

h + 1

�

`

�

w

h

�

w

n +1

� `

=

�

w � h

h + 1

�

`

�

w

h

�

w

n +1

s

w

( �

n

w

+ ` ) : (7)

This sequence can b e divided in to w sequences, eac h asso ciated with a di�eren t h v alue.

Eac h short sequence has the form s

w

( �

n +1

w

+ hw

n +1

+ ` ), where 0 � ` < w

n +1

� 1; This can b e

written as s

w

( z ) = c

`

1

c

2

s

w

( �

n

w

+ ` ), where c

1

and c

2

are constan ts for a giv en h v alue according

to (7) . Whether the shap e of s

w

( �

n

w

+ ` ) is stretc hed up w ards for increasing v alues of ` , just

magni�ed b y c

2

, or stretc hed do wn w ards dep ends on whether c

1

is greater, equal to, or less

than 1, i.e., on whether

w � 1

2

is greater, equal to, or less than h . Eac h of the w pieces of this

graph segmen t is again, a recapitulation of w magni�ed and p ossibly stretc hed instances of

s

w

( �

n � 1

w

+ mo d ( `; w

n � 1

)). Decomp osition can b e con tin ued un til the basic building blo c ks of

the graph are encoun tered: the sequence s

w

( �

0

w

) ; : : : ; s

w

( �

1

w

� 1) =

�

w

0

�

; : : : ;

�

w

w � 1

�

.
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T able 1: Some v alues of s

w

( z ) for small w and z .

s

2

( �

0

2

) ; : : : ; s

2

( �

4

2

)

1, 2, 1, 4, 4, 4, 1, 8, 16, 32, 16, 32, 16, 8, 1, 16, 64, 256, 256, 1024, 1024, 1024, 256, 1024,

1024, 1024, 256, 256, 64, 16, 1

s

2

( �

4

2

) ; : : : ; s

2

( �

5

2

)

1, 32, 256, 2048, 4096, 32768, 65536, 131072, 65536, 524288, 1048576, 2097152, 1048576,

2097152, 1048576, 524288, 65536, 524288, 1048576, 2097152, 1048576, 2097152, 1048576,

524288, 65536, 131072, 65536, 32768, 4096, 2048, 256, 32, 1

s

3

( �

0

3

) ; : : : ; s

3

( �

3

3

)

1, 3, 3, 1, 9, 27, 27, 81, 81, 27, 27, 9, 1, 27, 243, 729, 561, 19683, 19683, 59049, 59049,

19683, 177147, 531441, 531441, 1594323, 1594323, 531441, 531441, 177147, 19683, 59049,

59049, 19683, 19683, 6561, 729, 243, 27, 1

s

4

( �

0

4

) ; : : : ; s

4

( �

2

4

)

1, 4, 6, 4, 1, 16, 96, 256, 256, 1536, 3456, 3456, 1296, 3456, 3456, 1536, 256, 256, 96, 16, 1

s

5

( �

0

5

) ; : : : ; s

5

( �

2

5

)

1, 5, 10, 10, 5, 1, 25, 250, 1250, 3125, 3125, 31250, 125000, 250000, 250000, 100000,

500000, 1000000, 1000000, 500000, 100000, 250000, 250000, 125000, 31250, 3125, 3125,

1250, 250, 25, 1

s

6

( �

0

6

) ; : : : ; s

6

( �

2

6

)

1, 6, 15, 20, 15, 6, 1, 36, 540, 4320, 19440, 46656, 46656, 699840, 4374000, 14580000,

27337500, 27337500, 11390625, 91125000, 303750000, 540000000, 540000000, 288000000,

64000000, 288000000, 540000000, 540000000, 303750000, 91125000, 11390625, 27337500,

27337500, 14580000, 4374000, 699840, 46656, 46656, 19440, 4320, 540, 36, 1
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Figure 1: Initial graph of log( s
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Figure 2: Initial graph of log( s
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Figure 3: Initial graph of log( s
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Figure 4: Initial graph of log( s
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Figure 5: Initial graph of log( s
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Figure 6: Initial graph of log( s
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